The cosmological constant in the brane world of string theory on / Z2 
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Orbifold branes in string theory are investigated, and the general field equations both outside and 
on the branes are given explicitly for type II and heterotic string. The radion stability is studied 
using the Goldberger-Wise mechanism, and shown explicitly that it is stable. It is also found that 
the effective cosmological constant on each of the two branes can be easily lowered to its current 
observational value, using large extra dimensions. This is also true for type I string. Therefore, 
brane world of string theory provides a viable and built-in mechanism for solving the long-standing 
cosmological constant problem. Applying the formulas to cosmology, we obtain the generalized 
Friedmann equations on the branes. 
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I. INTRODUCTION 

One of the long-standing problems is the cosmological 
constant (CC) problem: its theoretical expectation val- 
ues from quantum field theory exceed observational limits 
by 120 orders of magnitude [l|. Even if such high ener- 
gies are suppressed by supersymmetry, the electroweak 
corrections are still 56 orders higher. This problem was 
further sharpened by recent observations of supernova 
(SN) la, which reveal the striking discovery that our uni- 
verse has lately been in its accelerated expansion phase 
. Cross checks from the cosmic microwave background 
radiation and large scale structure all confirm it 3]. In 
Einstein's theory of gravity, such an expansion can be 
achieved by a tiny positive CC, which is well consistent 
with all observations carried out so far [1] . Because of this 
remarkable fact, a large number of ambitious projects 
have been aimed to distinguish the CC from dynamical 
models [1]. 

Therefore, solving the CC problem now becomes more 
urgent than ever before. Since the problem is inti- 
mately related to quantum gravity, its solution is ex- 
pected to come from quantum gravity, too. At the 
present, string/M-Theory is our best bet for a consis- 
tent quantum theory of gravity, so it is reasonable to ask 
what string/M-Theory has to say about the CC. In the 
string landscape it is expected there are many dif- 
ferent vacua with different local CC's Using the an- 
thropic principle, one may select the low energy vacuum 
in which we can exist. However, many theorists still hope 
to explain the problem without invoking the existence of 
ourselves. 

Lately, the CC problem and the late transient acceler- 
ation of the universe was studied [s^ in the framework of 
the Horava-Witten heterotic M-Theory on 57^2 ,9]. Us- 
ing the Arkani-Hamed-Dimopoulos-Dvali (ADD) mecha- 
nism of large extra dimensions , it was shown that the 



effective CC on each of the two branes can be easily low- 
ered to its current observational value. The domination 
of this term is only temporary. Due to the interaction 
of the bulk and the brane, the universe will be in its de- 
celerating expansion phase again, whereby all problems 
connected with a far future de Sitter universe [ll| are 
resolved. 

In this Letter, we shall generalize the above studies 
to string theory, and show that the same mechanism is 
also viable in all of the five versions of string theory. 
In addition, we also study the radion stability, using 
the Goldberger-Wise mechanism [l2|, and show explic- 
itly that the radion is indeed stable in our current setup. 
Thus, brane world of string/M-Theory provides a built-in 
mechanism for solving the long-standing CC problem. 

Before showing our above claims, we note that the CC 
problem was also studied in the framework of brane world 
in 5D spacetimes [ill ^^'^ 6D supergravity [l^. However, 
it turned out that in the 5D case hidden fine-tunings are 
required [lH|, while in the 6D case it is still not clear 
whether loop corrections can be as small as required . 



II. THE MODEL 

Let us begin with the toroidal compactification of the 
Neveu-Schwarz/Neveu-Schwarz (NS-NS) sector of the ac- 
tion in (D-l-d) dimensions, Mu+d = Mjj x 7^, where Tj, 
is a d-dimensional torus. The action takes the form [l3| , 
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where denotes the covariant derivative with respect 
to g^^ with A,B = Q, 1, D + d - I; 4 is the dilaton 
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field; H = dB describes the NS three-form field strength 
of the fundamental string; and is the gravitational 

coupling constant. It should be noted that such action 
is common to both type II and heterotic string ^vf\. For 
type I string, the dilaton does not couple conformally 
with the NS three-form. However, as to be shown below, 
our conclusions can be easily generalized to the latter 
case. In particular, our results about the CC are equally 
applicable to type I string. 

The {D 4" (i)-dimensional spacetimes are described by 
the metric, 



ds%+d = 9ab {x") dx°-dx^ + hij {x") dz^dz\ 



where gab is the metric on Mjj , parametrized by the coor- 
dinates x° with a, 6, c = 0, 1, D — 1, and hij is the met- 
ric on the compact space 7^ with the periodic coordinates 
2*, where i,j = D,D + 1, D + d — 1. We assume that 
all the matter fields are functions of x'^ only. This implies 
that the compact space Td is Ricci flat, Rd[h] = 0. More- 
over, following [3| we also add a potential term to the 
total action, s^^^*"^"" /A/o+d VWo+dlVo+d- Then, af- 
ter the dimensional reduction, the D-dimensional action 
in the Einstein frame takes the form, 
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where 



(2.3) 



X (VaS^^) (V^By ) + e-^^^HabcH'^'''] , (2.4) 



where = S^'^S^^Bki, and Va denotes the covari- 

ant derivative with respect to gat, which is related to 
the string metric gat by gab — ^^Qab, where ft^ — 
exp [~2ij)/{D - 2) 

$ - {l/2)\n\h\. 



gab — ^^gab, 

b = ^2/{D-2) 
is defined as K 7~j 



and 



with Vq = J d'^z. Note that in writing down the 
above action, we assumed that (a) the flux B is 
block diagonal; and (b) the internal metric takes the 



form, hi 



exp 




Then, we find that 



where = 



To study orbifold branes, we add the brane actions. 
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where, / 
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1,2, and Tf2^^ = eiV^'\{<j,,^), with 

^D-ii'i'^ ''J^) denoting the potential of the scalar fields, and 
ei = —62 = 1. X denotes collectively all matter fields, and 



gji^ are constants, as to be shown below, directly related 
to the (D — l)-dimcnsional Newtonian constant G^^j^. 
Then, the field equations take the form. 
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(2.2) Cm are the intrinsic coordinates of the I-th brane with 



fi,iy — 0, 1, 2, D — 2; g'^jj is the reduced metric on the 



I-th brane, gjfj = e^^^^-^e^^J) Qab 
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notes the location of the I-th brane; and S{x) the Dirac 
delta function. 

To write down the field equations on the branes, we 
use the Gauss-Codacci equations poj . 

G^r^) = (2.7) 

.^(f-i) = K^^K^-KK^,,-^g^,{K^0K''('~K^), 

^^'^ - {D-2){D-l)V ^l^ab 

- (i?-l)Gahn"n^ + G(^)]5^,}, (2.8) 

where denotes the normal vector to the brane, G'^^^ = 
g'^'G[°,\ Ei^^J ^ C[^ldn''el)n^e'l^y and c[^l is the D- 
dimensional Weyl tensor. The extrinsic curvature K^^, is 
defined as i^T^^, = e^^^e^^j Vanb. 

Assuming that the branes have Z2 symmetry, we can 
express the intrinsic curvatures k\^J in terms of the ef- 
fective energy-momentum tensor T^^^l"^ through the Lanc- 



zos equations |2( 
where 



and = 5^^)'^'^ 
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^'"^^gjiJ, where A'^-* denotes the CC of the I-th brane, 
we find that G')!^~^^ given by Eq. (|2.7p can be cast in the 
form, 

, j?(D) , c{D-l) I ^4 

+ A_D_i.g^^., (2.9) 
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Note that in writing Eas. (|2.9p - (|2.12p . without causing 
any confusion, we had dropped the super indices "(/)"• 
In addition, the definitions of k_d-i and A are unique, be- 
cause these are the only terms that hnearly proportional 
to the matter field t^^ and the spacetime geometry g^,^. 
When D = 5 they reduce exactly to the ones defined in 
brane- worlds 2f| . 

In the following, we shall restrict ourselves to the case 
where D = d = 5. 



III. RADION STABILITY 

In the studies of orbifold branes, an important issue is 
the radion stability. In this section, we shall address this 
problem. Let us first consider the 5-dimensional static 
metric with a 4-dimensional Poincare symmetry. 
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where \y\is defined as that given in FiglT] [S^], L and yo 
are positive constants, and 



(5), 



(3.3) 



Then, it can be shown that the above solution satisfies 
the gravitational and matter field equations outside the 
branes, Ea. (|2.6p . for D = d = 5. On the other hand, 
to show that it also satisfies the field equations on the 
branes, we first note that the normal vector to the 
I-th brane is given simply by 



and that 



(3.4) 
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where yi = yc > and y2 = 0. Inserting the above into 
Eas. (|2.9p - (|2.I2p . we find that they are satisfied for rj^J = 
0, provided that the tension satisfies the relation. 
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where pj^^-* = A(^^/(87rG4) denotes the corresponding en- 
ergy density of the effective cosmological constant on the 



I-th brane, defined by Eq. (|2.f 2p . On the other hand, on 
each of the two branes, we also find that 
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For certain choices of the potentials Vy\4>, ip) of the two 
branes, Eas. (|3.6p - p.8p can be satisfied. For example, one 
may choose 

yi'\</.,V)=/3/e-s^MV'-V'l)', (3.9) 

where /?/, gi and ipi are arbitrary constants. Then, by 
properly choosing these parameters, Eqs. p.6p - p.8p can 
easily be satisfied. 

To study the radion stability, it is found convenient to 
introduce the proper distance Y , defined by 
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Then, in terms of Y, the static solution (j3.ip can be 
written as 



dsi 



with 



A{Y) 



p-my)j^^^flx^'dx'' - dY'^ 



(3.11) 



\Y\+Yc 



00, 



+V'o, 



(3.12) 



where \Y\ is defined also as that in Fig. [1] with 

10/9 .„,„.l0/9~ 
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and Y2 = 0, Y= Yc. 

Following let us consider a massive scalar field <& 
with the actions, 

Sb = J d^x J^^ dYV^[{y^f -mH^y 

^($2-.|)^ (3.14) 
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where a/ and vi are real constants. Then, it can be 
shown that, in the background of Eg. p.Iip . the massive 
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FIG. 1; The function \y\ appearing in the metric Ea. (|5.2 



scalar field <& satisfies the following Klein-Gordon equa- 
tion 



_ 4^'$' _ „j2^ ^ ^ 2a7$ - v]) 5{Y - Yi). 
1=1 

(3.15) 

Integrating the above equation in the neighborhood of 
the I-th brane, we find that 



dV 



Yi+e 
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Yi-e 

where $/ = $(yf). Setting 

z = m(Y + Yo), $ = z'^u(z), (3.17) 
we find that, outside of the branes, Eq. p.lSp yields, 

-^ + -— -1 + -U = 0, (3.18) 

dz^ z dz \ z'^ 



where v = 3/10. Eg. p.lSp is the standard modified 
Bessel equation [2^, which has the general solution 



u{z) = al^{z) + bK^{z), 



(3.19) 



where I,^{z) and K,y{z) denote the modified Bessel func- 
tions, and a and b arc the integration constants, which are 
uniquely determined by the boundary conditions (I3.16p . 
Since 



= -$'(0), (3.20) 
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we find that the conditions (|3.16p can be written in the 
forms. 



$'(!;) - - 1-?) 

$'(0) = a2$2 ($2 - ^^2) ■ 



(3.21) 
(3.22) 



Inserting the above solution back to the actions (|3.14p . 
and then integrating them with respect to Y, we obtain 
the effective potential for the radion Yc, 
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In the limit that a/'s are very large [IJI, Eqs. (|3.2ip and 
p.22p show that there are solutions only when $(0) = V2 
and ^(Yc) = vi, that is, 



vi = Zc (all, (zc) + hKy (zc)) , 
V2 = Zq {alu (zq) + bK^, (zo)) , 



(3.24) 
(3.25) 



where zq = toFo and Zc = m(Yc + Yq). Eqs. (|3.24|) and 
p.25p have the solutions. 
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b = ^(/(^)z>2-4°)zo^.i) 
where xj/^ = Ki,{zi), /i-^' = I^{zi), and 
A^{zoZcr[ll^^Kl"^-ll°^Ki^^) 



(3.26) 
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A. mVo > 1 

When Yq 3> m~^, we have zqi z ^ 1. Then, we find 
that fH, 



K,{z) 



2ttz 



•Kiz). (3.28) 



Substituting them into Eq. (|3.23p . we find that 
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2 V 9 y (zo-Zc)^'''' sinh (z^ - zq) 
X |2i/e^''+"<= sinh(zc - zq) (wizj^/^ - w^z^/^j 

-f (zoz,)^/^ [(z;izy5g.„„^^^i/5g..^2 
+ (z;izyV=-i;2zd/'e^'')' |. (3.29) 
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Substituting them into Eq. (|3.23p . we obtain 



4.5 - 
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[vi - V2) 



(3.32) 



3.0 - 



FIG. 2: The potential defined by Ea. (|a!29)l in the limit of large 
VI and ya- In this particular plot, we choose [zq, vi, V2) — 
(10, 1.0, 0.1). 



Clearly, in this limit the potential has no minima, and 
the corresponding radion is not stable. Therefore, there 
exists a minimal mass for the scalar field $, say, rric, only 
when m > uric the corresponding radion is stable. 

It should be noted that, in the Randall-Sundrum setup 
[131, Yc is required to be about 35 in order to solve the 
hierarchy problem. However, in the current setup the 
hierarchy problem is solved by the combination of the 
RS warped factor mechanism and the ADD large extra 
dimensions \2^. Thus, such a requirement is not needed 
here, which allows Yc to have a large range of choice. 




FIG. 3: The potential defined by Ea. (|a!29)l in the limit of large 
VI and yo- In this particular plot, we choose (zo, wi, V2) — 
(30, 200, 100). 



Then, we find that 



(0) 



I \2 2/5 

sinh(2:c — 20) 
2 2/5 



00, 



CX), 



(3.30) 



where vl°^ = m^/^ (^)^^^ Figs. H and [3] show 
the potential for (zq, vi, V2) — (10, 1.0, 0.1) and 
{zo, vi, V2) — (30, 200, 100), respectively, from which 
we can see clearly that it has a minimum. Therefore, the 
radion is indeed stable in our current setup. 



B. mYo < 1 

When mYo < 1 and mYc < 1, we find that [ll] 

^"'^^^ - 2-^(1. + 1)' 
K.iz) ^ (3.31) 



IV. THE COSMOLOGICAL CONSTANT 



For D = d = 5, we find that 



Vo 



Then, from F^q.^J^ we find 
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where R denotes the typical size of the internal space 7^, 
and Mpi and Ipi denote the Planck mass and length, re- 
spectively. Current observations show pA — 10^"*^ GeV^. 
If Mio is of the order of TeV [1^, we find that Eq.gJ]) 



requires R 



10- 



which is well below the cur- 



rent experimental limit of the extra dimensions [27|. If 
Afio ~ 100 TeV we find that R needs to be of the order of 
10~^^ m. For Mio ~ 100 eV , we have i? ~ 10 microns. 
Therefore, brane world of string theory on /Z2 pro- 
vides a viable mechanism to get pA down to its current 
observational value. Hence, the ADD mechanism that 
was initially designed to solve the hierarchy problem (lo| 
also solves the CC problem in string theory. 

Although the action of Eq. (|2.ip is valid only for type 
II and heterotic string, it is straightforward to show that 
our above conclusions are also true for type I string. As a 
matter of fact, the only difference will be in the expression 

of T^f'', while all the rest remains the same, so does 
Eq. (|2.12p . based on which our above conclusions were 
derived. Similarly, the addition of other matter fields, 
such as the Yang-Mills and Chern-Simons terms [l3|, in 
action (|2.ip does not change our conclusions either. 

It is remarkable to note that the same mechanism is 
also valid in the framework of the Horava-Witten het- 
erotic M- Theory on 57^2 Hi- AH of these strongly 
suggest that the above mechanism for solving the long- 
standing CC problem is a built-in mechanism in the 
brane world of string/M-Theory. 
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V. BRANE COSMOLOGY IN STRING THEORY 



We consider spacetimes with the metric [22 



t(5) _ 



dsi 



^2.(t..y) (^^2 _ ^y2^ _ e2^(t,y)rf22, (5.1) 



where dS^ = dr'^/{l - kr'^) + {dO'^ + sin^ OdijP) . As- 
suming that the two orbifold branes are located aX y = 
yi{ti), we find that the reduced metric takes the form, 

dsl\^,ii> = gi'Jd^^j^dC^i) = dr! - a' {n) d^l (5.2) 

where ^^^j = {r/, r, 0, if}, and r/ denotes the proper time 

of the I-th brane, given by drj ^ \J \ ~ {yi/ij)^ dtj, 
and a(T/) = exp {a; [^/(t/), ?//(r/)]}, with yi = dyi/drj, 
etc. For the sake of simphcity and without causing any 
confusion, from now on we shaU drop all the indices "I" . 
The normal vector Ua and e^^-j are given, respectively, 

by = -ey {ySf+iS'^), e^^ = iSf + yS^, ef^^ = S!^, 
^{e) ^ ^0' ^^^"^ ^{ip) = ^v' ^bere ey — ±1. Then, we find 
that, for a perfect fluid r^^ = {p + p)u^Ui, —pg^v, where 
Ufj_ = SJ^, the field equations on the branes are given by 



a" 

- = (p + 3p-2r(^,,^,)) + -A 



(5.3) 



6 J 3pA 

+ (p + 3]3-T(0^^))t(0,^)] , 

where H = d/a, and 



(5.4) 
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a^yy + LO^yy + /CB^^'^ 



1 
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{5 [(V0) V (vv^)'] 



24 ^ 



(V0) V (VV^)^] } , 



(5.5) 



with (j)^n = 'ri°-\7a4', A = A4 and G = G4. The first 
two terms in the right-hand sides of Eqs. (|5.3p and (|5.4|) 
also appear in the Einstein's theory of gravity, although 
their origins are completely different @ . The rest denotes 
the brane corrections, and the effects of which on the 
evolution of the universe depend on specific models to be 
considered. 



VI. CONCLUSIONS 

In this Letter, we have studied orbifold branes in string 
theory in (D-l-d)-dimensions, and obtained the general 
field equations both outside and on the branes for type 
II and heterotic string. We have investigated the radion 
stability, using the Goldberger-Wise mechanism [l3| , and 
shown explicitly that it is stable. 

We have also shown explicitly that for D = d = 5 
the effective cosmological constant on the branes can be 
easily lowered to its current observational value, using 
large extra dimensions. This is also true for type I string. 
Therefore, brane world of string theory provides a built- 
in mechanism for solving the long-standing cosmological 
constant problem. 

Applying the formulas to cosmology, we have obtained 
the generalized Friedmann equations on each of the two 
branes. Investigations of their cosmological implications, 
including current acceleration of the universe, are under 
our current considerations. 
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